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Stabilizing Controller



Routh’s Stability Criterion

Given characteristic equation Factor out any roots at the origin and multiply by -1 if needed

1

Dg(s) =s" +a1s"" " + -+ ap-15 + an,

How to determine stability? (without using MATLAB :)
m Necessary condition:

» All coefficients of characteristic polynomial be positive, i.e. a; > 0.
» Any coefficient missing ( = 0) or negative, then poles are outside LHP.

m Necessary and Sufficient condition:
» System is stable iff all the elements in the first column of Routh array are positive
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Routh’s Stability Criterion

Routh Array
Row n s™ 1 ag ag
Row n —1 snt a as as
Row n—2|s""2| b by by
Row n—3 | s™ 3 cq co c3
Row 2 52 * * *
Row 1 st * *
Row 0O 0 *
where
1 a9 1 a4
det { det
ayp as a] as
b=——"—7-— bpy=—————
aq ai
a; a ar a
det 3 det b
bi by bi b3
bl bl

There are two special cases! See web-appendix of textbook
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Stabilizing Gain

Example 1 — One parameter

Given P(S) = s(s%)(lsm and C(S) =K design parameter

Characteristic Equation Numerator of 1 + PC' No pole zero cancellation

§° 4552 + (K —6)s+ K =0

Routh’s Table
51 K—6
52 iK—SU K
20 K °
Stabilizing Gains
4K —
TSO >0, K>0

K>175 K>0
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Stabilizing Gain

Example 2 — Two parameters

GiVen P(S) = m, C(S) = K+ %

Characteristic Equation Numerator of 1 + PC No pole zero cancellation

4352+ (2+K)s+K; =0

Routh’s Table
31 2+ K
s2 3 Ky
o1 643K —K
O K

Stabilizing Gains X > K;/3 — 2, K; > 0.
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Stabilizing Gain

Example 1 — Two parameters (contd.)

GiVen P(S) = m, C(S) :K‘i_%

Stabilizing Gains X > K;/3 — 2, K; > 0.

Parameter rsgion for stability Stop Response

K
Ampliude

4 Time (seconds)

What about performance?
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Step Response

Time Domain Performance Specification

Step Response

1.5 T T T
B Y S
i
051 B
% 2 4 & 8 10 12 15 16 18 2
Time
Second Order System: poles = o + jwy, wp, = y/02 + w3, ( =0 /wy

M ZG*WC/\/@ tr:E ts:ﬁ
P Wn, o
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Stabilizing Controller
[e]e]e]e]elele] lelele]e)

Step Response

Time Domain Performance Specification — Second Order Systems

Desired Location of Poles

1.8 4.6
M, = e ™/V1=¢ b= by = —
Wn, o
wn > 1.8/t ¢ > (M) o> 4.6/t

m Adjust K, K7 to satisfy additional performance related constraints

m Controller gain tuning
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Routh’s Stability Criterion

Conditions that ensure Re p; < —a, for a > 0

Given polynomial
sS"+as" M+t ap1s+a, =0

Modify Routh's stability criterion to ensure
Re p; < —a, for a > 0.
Replace s := ¢ — « and substitute in polynomial to get
" +bg" by 1q+ b, =0

Apply Routh's criterion to the polynomial in ¢
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Routh’s Stability Criterion

Example

m Given P(s) = ﬁsﬂ and controller C'(s) = K; + Ky/s.
m Find range of values for K1, K5 such that all poles are left of —a.
Characteristic equation:
§° +4s% + (K1 + 1)s + Ko
Substitute s := ¢ — «, with a =1

P+ + (K —4)q— K+ Ky +2

Apply Routh's criterion
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Routh’s Stability Criterion

Example (contd.)

Polynomial in ¢
P+ + (K —4)q— K+ Ky +2

Routh’s Table
s3 1 K —4
52 1 Ky —Ki+2
st 2Ky — Ky —6 0
50 Ko —Ki+2 0
Inequalities

2K — Ko —6>0, Ko — K1 +2>0.
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Routh’s Stability Criterion

Example (contd.)

0 1 2 3 4 5 6 7 8 9 10
Kl
(a) 2K; — Ko —6 > 0, Kz — K1 + 2 > 0, Poles left of —1. (b) K1 — K2/4+1> 0, Ko > 0, Poles left of 0.

ch Laboratol
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Benefits of Feedback



Benefits of Feedback

Disturbance Rejection

— A —
m Let P(S) = W, and C(S) =K
m Total response
Y(s) = —< R D(s
(5)_1+PC ('S)+1+PC (s)
AK A
R(s D(s)

= A D D+ AR O e ¥ D(s/pa 1) ¥ AK

m Steady state value with feedback

AK A
lim sY (s) = (lim SR(S)) —+ (lim SD(S))
s5—0 14+ AK \s—0 1+ AK \s—0
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Benefits of Feedback

Robustness to Plant Uncertainty

Transfer function from reference to output

_ pPC AK
1+ PC (s/pi+1)(s/p2+1)+ AK

Gyr(s)

m Suppose A — A+ 0A
m What is the effect on T(S) = Gyr(s)? steady state gain
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Benefits of Feedback

Robustness to Plant Uncertainty (contd.)

AK
T, =
¥ 14+ AK

des

A
dA5

K
O (1+ AK)?M

B AK 1 5A
- \1+AK 1+AK ) A

0Ts 1 64
T.., 1+AK A

(5T95 =

-
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System Type



System Type

Analysis of Steady State Error

1
E —
() = 75 R)
= 1 ! !
s = 00T T L(s) sk+1
1 1

Investigate ezs — O for various values of k

Value of k ‘ r(t) ‘ System Type

0 1(t) | ess = constant = Type 0
1 t ess = constant = Type |
2 t2/2! | ess = constant = Type Il

‘ Intelligent Systems Research Laboratory
: :
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Stabi C ller e s System Type
) 0000 00000000000

Steady State Error

Type Zero

Type 0 System
m Constant steady state error to step reference k& = 0.
ess = lim ;i
s—0 14 L(s) sk
. 1 1
= lim =

s—=01+L(s) 1+K,

Position Error Constant K,
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Stabi C ller e s System Type
) 0000 000®0000000

Steady State Error

Type One

Type 1 System

m Constant steady state error to ramp reference k = 1.

€ss = lim
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System Type
00008000000

Steady State Error

Type Two

Type 2 System
m Constant steady state error to parabolic reference k = 2.
. 1 1
€ss = lim —— —
50 1+ L(s) sk
1 1 1 1

SB0T+ L(s) 82 s90s2L(s)  Ka

Acceleration Error Constant K|,

K, = lim s?L(s)

s—0
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Steady State Error

Summary

Various Constants

—1; . 1 2
K, = l;mOL(s) K, = i1_>m0 sL(s) K, = 21_>mos L(s)
Steady State Errors

Step | Ramp | Parabola

Type 0 7K, 00 00
Type | 0 K%J 00
Typell | 0 0 =
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Steady State Error

Summary (contd.)

m Quickly identify ability to track polynomials
m Robustness property — higher type tracks lower order polynomials

m Can be extended to study G,q and other transfer functions
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System Type
00000000000

Truxal’s Formula

m Let T'(s) := Gy (s) be given by

m
T(s) = K=
i=1 pi)
m Most common case: e, to step is zero = Type | system
m DC gain limg_,07'(s) =1
m System error E(s) = R(s)(1 —T(s))
m System error due to ramp

. . L 1-T(s)
o T EE) =l TE) G =l
m Using L'Hopital's rule
i dr ! f I
€ss = — lim — = —
ss by dS KU or type | systems
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System Type
00000000800

Truxal’s Formula
Contd.

m Let T'(s) := Gy (s) be given by

T(s) = Kpito =2
Hz—l(s _pi>
m Using L'Hopital's rule
li dr f [
g — — 1M —— = —— for m
58 e dS Kv or type | systems

(] K% is related to the slope of T'(s) at origin
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System Type

Benefits of Feedback
[ 00000000080

Truxal’s Formula

Contd.
m Let T'(s) := Gy (s) be given by
T(s) = H%l(s Z1>‘
Hiﬂ(s — i)
m Rewrite
dT 1
cos =l Tor TO) =1

Truxal’s Formula
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Truxal’s Formula

Design Implication

1 UL IR |
Z; 7

U =1 =1

R

m Observe effect of pole/zero location on 1/K,

m Useful for design of dynamic compensators

Example
m Third order type | system has closed-loop poles —2 + 25, —0.1.
m The system has one zero. Where should it be for K, = 107
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